
982 AIAA JOURNAL VOL. 22, NO. 7

Viscoelastic Analysis of Laminated Plate Buckling

Dale W. Wilson* and Jack R. Vinsonj
University of Delaware, Newark, Delaware

Linear viscoelasticity theory was used in the formulation of a general buckling theory for fiber-reinforced
composite laminated plates. The theory includes the effects of transverse shear and normal deformation (TSD
and TND, respectively) and bending-extensional coupling of time-dependent buckling response. Anisotropic
viscoelastic constants were determined using the Tsai-Halpin equations, assuming elastic fiber properties in
combination with a power law viscoelastic model for the matrix properties. The governing equations of plate
buckling were developed using the Theorem of Minimum Potential Energy, and the Rayleigh-Ritz method was
employed in the solution of the governing equations for specific boundary conditions. Results are presented
comparing viscoelastic solutions based on classical analysis, analysis including TSD effects, and analysis in-
cluding both TSD and TND effects for simply supported plate subjected to inplane compressive loading
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Nomenclature
= plate dimension in x direction
= temperature shift parameter
= moisture shift parameter
= viscoelastic extensional stiffnesses
= plate dimension in y direction
= viscoelastic bending-extensional coupling stiff-
nesses

= viscoelastic bending stiffnesses
= viscoelastic Young's modulus of the matrix
= Young's modulus of the fiber
= body forces
= viscoelastic shear modulus of the matrix
= bulk modulus of the matrix
= weight percent of moisture
= total inplane force resultant in x and y directions,
respectively

= total inplane shear force resultant
= viscoelastic stiffness terms transformed to the
plate coordinate system

= viscoelastic creep compliances
= temperature
= surface tractions
= time
= reduced time
= displacements in x, y, and z directions,

respectively
= laminate midplane displacements in y direction
= laminate midplane displacements in y direction
= volume fraction of fibers in composite
= viscoelastic strain energy
= creep compliance power law exponent
= coefficients of thermal expansion
= coefficients of moisture expansion
= ratio of loading in y direction to loading in x

direction, Ny /Nx

Introduction
ITH the upsurge of interest by the aerospace industry in
using advanced composites for primary load-bearing

structures, accurate design and analysis methods are
becoming more critical. Most design and analysis techniques
for composites assume anisotropic elastic behavior,1 and for
cases where most of the load is carried by the fibers, the
assumption is satisfactory. However, properties transverse to
the fibers and shear properties are matrix controlled and
exhibit strong viscoelastic behavior.2'3 There are many cases
where the transverse and shear stiffnesses significantly affect
the material response, and time-dependent behavior must be
examined.

The buckling response of laminated plates is one case where
transverse normal and shear response has been shown to be
significant for certain geometries, loading conditions, and
boundary conditions.4"8 While the viscoelastic buckling
response of laminated plates has been examined,9 classical
theory was used which largely ignores bending-extensional
coupling, transverse shear deformation (TSD), and transverse
normal deformation (TND) effects, three responses con-
trolled by strongly viscoelastic properties.

Results of an investigation to assess the significance of
viscoelastic effects on the buckling response of laminated
plates are reported in this paper. A general viscoelastic
buckling analysis was formulated using the simplifying
assumption of linear viscoelasticity employing the quasielastic
approximation. The analysis included bending-extensional
coupling and transverse shear and normal deformations. Case
studies for a simply supported plate subjected to inplane
compressive loading were used to investigate the effects of
plate geometry, loading configuration, and laminate con-
figuration on viscoelastic buckling response.

Viscoelastic Considerations
The viscoelastic properties of continuous fiber-reinforced

plastic composite systems are orthotropic. While the response
of the material ranges from nearly elastic in the fiber direction
to nonlinear viscoelastic in shear, linear viscoelastic response
is assumed in the current investigation. Research reported in
the literature2'9 indicates that this assumption is reasonable
for glass/epoxy and graphite/epoxy composites.

The constitutive relation for a linear viscoelastic anisotropic
material is:
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dtf dt' (1)

Formulation of the viscoelastic governing equation for plate
buckling is based on these relations. Sims9 showed that for
cases where the applied load is nearly timewise constant, the
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Table 1 Material properties assumed for a graphite/epoxy composite
Fiber modulus, longitudinal (Ejf)

Fiber modulus, transverse (Eft)

Fiber Poisson's ratio (VLT)

Fiber shear modulus (GLT)

Matrix modulus, initial (EmQ)

Matrix Poisson's ratio (vmn)

165.5GPa

13.8GPa

27.5 GPa

4.6 GPa

24.0 xlO6 psi

2.0 xlO6 psi

0.3

4.0 XlO6 psi

0.67 xlO6 psi

0.3

Constants for power law compliance
formulation
Sn=b'P (bf)

(T)

Fiber volume fraction ( V f )

2.0xl(r2Pa-1 0.291 x ID'5 psi'1
0.20

0.62

correspondence principle results reduce approximately to
those obtained by direct substitution of time-varying
properties into the elastic formulation of the problem. The
error incurred by making this quasielastic approximation is
less than 10% for a typical graphite/epoxy composite, and
results in considerable simplification by negating the need to
perform inverse Laplace transformation of the associated
elastic problem. J This error was deemed satisfactory in light
of the analytical simplifications achieved, since the study is a
comparative one investigating the significance of including
transverse shear deformation (TSD) and transverse normal
deformation (TND) effects on the viscoelastic buckling
behavior of plates.

Viscoelastic Property Determination
Since the quasielastic method of solution has been em-

ployed, the viscoelastic effects are expressed in the buckling
analysis solely by the creep compliances or relaxation moduli.
A survey of the literature quickly reveals that a complete set
of viscoelastic data for graphite/epoxy (or any other system)
is not available. Viscoelastic data were available for epoxy
resin, and therefore, a micromechanical materials modeling
approach was used to determine the necessary properties.

The Tsai-Halpin equations have been used, assuming that
orthotrqpic elastic fibers are embedded in a viscoelastic,
isotropic matrix. The properties assumed for graphite fibers
are given in Table 1, with all other important material
property data. A power law formulation is assumed for the
matrix creep compliance,9 as shown below:

Sm(t)=b'P (2)

where values for b' and y are given in Table 1. The Young's
modulus is a more convenient form, so this expression is
inverted using the correspondence principle to give

(3)

which is the exact inversion of Eq. (2) accomplished using LT
theory, where T(a) is the gamma function. This was done to
minimize error in Em(f) which could subsequently propagate
into the relaxation moduli of the components.

Two other matrix properties are necessary to characterize
its viscoelastic response completely: vm(f) and Gm(t), the

JThe associated elastic problem is the term applied to the elastic
formulation of a viscoelastic problem in the Laplace transform (LT)
domain allowed by the correspondence principle.

Fig. 1 Plate geometry and loading conditions.

Poisson's ratio and shear modulus, respectively. The
Poisson's ratio is found by assuming the bulk modulus to be
a constant and determined from

Km=Em(0)/3[l-2vm(0)]

Knowing Km, the Poisson's ratio is found to be

vm(t) = 1/2(l-Em(t)/3Km)

and the shear modulus is found to be

Gm(t)-Em(t)/2[l + v m ( t ) }

(4)

(5)

(6)

Using the Tsai-Halpin relations,11 the effective viscoelastic
properties of the composite E'j(t), E2(t), E3(t), v12(t),
v i s ( t ) , v23(t)t G12(t), G13(t\, and G23(t) are determined.
Again the property information is given in Table 1. Ef-
fectively, the longitudinal properties (EJtv12,v13) conform to
the rule of mixtures:

+ Pm(t)(l-Vf] (7)

The transverse and shear properties (E2,E3,G12,G23, etc.)
are approximated by

where £, is an empirical parameter related to the packing
geometry, and P7§ and Pm refer to the fiber and matrix
properties (£7 is 1 for the packing geometry assumed).

These basic viscoelastic lamina properties are substituted
for their elastic equivalents in laminated plate theory under

§Note that Pf is timewise constant, in accordance with the earlier
assumption of elastic behavior.
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the quasielastic assumption. Laminated plate theory is then
used exactly as in elastic analysis.

Derivation of the Buckling Equation
A simply supported plate whose geometry and loading

conditions are described in Fig. 1 was used in the case studies.
Small deflection theory was assumed, but transverse shear
and transverse normal deformation were included. Given
these assumptions, the strain displacement relations used were

M» =

du(t)
dx

dv(t)
dy

(^ d v ( t ) ( d w ( t )
Tvz(0 ~ 1" ~dz dy

(^ d u ( t ) L d w ( t )
~*xz(t) dz l dx

. du(t) dv(t)
*v ( t\ — - 4- (9)

The displacement fields in the strain displacement relations
were of the form

u(x,y,z,t) = u°(x,y,t) + zFx(x,y,t)

v(w,y,z,t)=v°(xty,t)+zFy(x,y,t)

w(x,y,z,t)=w°(x,y,t) +f1Fz(z) (10)

where /7 is a tracing constant employed to include TND ef-
fects (// = !). Substituting Eq. (10) into Eq. (9), the strain
displacement relations become

dx dx

«,</) =
dv°(t) . JFy(t)i &————dy dy

ez(0=/y- dz
dw°(t)

dx

dw°(t)
dy

Using tensor notation, the constitutive relation for the Ath
viscoelastic lamina (assuming the quasielastic approximation)
in a laminated plate, transformed to the plate coordinate
system is

Q i j ( t ) ' e f ( t ) ij=l,2,...,6 (12)

where in the contracted notation, 0a = 0i for / = 7,2,3,

The theorem of minimum potential energy was used to
derive the governing equation of buckling. The total potential
energy for a viscoelastic solid, assuming the quasielastic
approach is

(13)

The body forces are negligible, and for buckling, the only
surface tractions considered were the inplane force resultants

Nx(t), Ny(t), and N^t). Expanding Eq. (13), the total
potential energy is expressed

F=-

3w" dv° __
dy dx dxdy J

i /dH^y-n
-(-T- )2\dy/])dy 2\dy

(14)

Following the usual procedures of substituting the con-
stitutive equations and strain-displacement relations into Eq.
(14), the total potential energy was found in terms of
viscoelastic stiffnesses, plate displacements, and applied
loads. The equation for the total potential energy with all
terms not containing Fz(t) integrated through the plate
thickness is given next.

i.oo

0.90

x 0-80-
o
E x
-z.
\

X

~z.
0.70 ~

0.60 -

0.50
0 400 800 1200 1600 2000

time (hrs)

Fig. 2 Buckling response as a function of laminate configuration.

1.0

0.8

0.6
*x
Z

0.4

0.2

0.0

Classical
[0/±45/90]3s

a/h = 75.7

t = IOOO hrs

0.4 0.6 1.2 1.40.8 1.0

b/a
Fig. 3 The effect of width-to-length aspect ratio on viscoelastic
buckling behavior.
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du°(t) d v ° ( t )
dx dy

dFx(t) du°(t) dFy(t) du°(t) dFx(t) dFx(t) du°(t) SF,(t) , dv°(t) 3Fx(t)\
—— ~~ ~~ ~)dx

/ d v ° ( t ) dFx(t) dv°(t) dF,(t) du°(t) dFy(t) dv°(t)
dy dy

9Fx(t) du°(t)

+2W*(t) ft
dx yj

where /; is a tracing constant to determine effects of trans-
verse normal strain (note az = 0 was assumed), and

Buckling occurs when the total potential energy is a
minimum at a stationary point (the first variation is zero), and
the second variation exists and is positive definite. Taking the
variation of the total potential energy results in a set of Euler-
Lagrange equations and associated natural boundary con-
ditions. Mathematically this is stated

A r r
£
A:=/ J J

+ natural boundary conditions ( 1 6)

where ( ) represents equations. In order to satisfy the con-
ditions that dV(t) = Q, each bracketed equation must be zero.

The Euler-Lagrange equations were used to determine
approximate expressions for Fx(x,y,t), Fy(x,y,t), and Fz(z,t)
as a function of the midplane deflection, vv°. This was ac-

y^^^

(15)

complished for Fx(x,y,t) and /^(x^O by reducing the Euler-
Lagrange equations to the form of beam equations in the x
and y directions. For Fx(x,t)9 the Euler-Lagrange equations
are

djc2 dx2

(17)

Solving for Fx(x,t)

— f —-———-——————— J

(Ass(t)-Nx(t)\d3w°(t)
\ A2«(t) ) dx3A j s ( t ) ) dx3

Generalizing to a plate by adding y dependence

dw°(t) /£>,/(/Mil (0-a?i C O -dwu(t) (Fx(x,y,t) = -^-(

x ( 5Ajs(t) *)~a? (19)
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The expression for Fy(x,y,f) is found similarly using the
appropriate Euler-Lagrange equations.

An approximation for the function dFz(t)/dz was found by
integrating the Euler-Lagrange equation associated with dFz
with respect to z. The Euler-Lagrange equation is

and Cmn sets forth the eigenvalue problem

f, dF
dy

BFy(t)
dx

(20)

Integrating

f,
dz

•Qt 9Fx(t)
13 dx

BFy(t)

' dy

£36 (21)

Substituting into the natural boundary condition, the constant
C is found to be

With the mathematical form of Fz(t) defined, it can be
substituted into the total potential energy, Eq. (15), and the
volume integral reduced to an area integral by integrating
across the plate stiffness.

The Rayleigh-Ritz method is used to solve the governing
equation. For the simply supported plate, the assumed
displacement functions are chosen to satisfy the following
boundary conditions:

where n and t refer to the normal and tangential direction with
respect to the boundary. The displacement functions are
selected to satisfy the geometric boundary conditions, and are
of the following double series form

nu°(x,y,t)=

v°(x,y,t)=
m = l n — 1

m=l n=l

niry
S"T

. niry— sin ——a b

in (22)

Substitution of these assumed displacement functions back
into the governing equation and taking the variation with
respect to the unknown displacement amplitudes Amn, Bmn,

£LH &i2 J}]3

E21 E22 E23

E31 E32 E33 j

+ M

0 0 F13

0 0 F23

F3i F32 F33 j

0 0 0

0 0 0

0 0 G??

(23)

where N^ = 0 and Ny = XA^.. Each E^ F^, and Gtj term above
is an algebraic sum of the products of laminate stiffnesses and
mode shape parameters of the form mir/a or nir/b for the x
and y directions, respectively. They are the coefficients of the
displacement amplitudes resulting from taking the first
variation of the total potential energy with respect to each of
the unknown displacement amplitudes.

Notice that for the Rayleigh-Ritz method to give ap-
proximate solutions to the governing equation, the assumed
form of the displacement functions need only satisfy the
geometric boundary conditions. For the cases where D16(t)
and D26(t) do not vanish, the natural boundary conditions are
not satisfied. In this case convergence of the approximate
solution to the exact solution is slow.

Using a Gauss-Jordan reduction, Eq. (23) can be simplified
to give

(E(t) ]{Cmn ( t ) } =Nx(t) (F(t) ]{Cmn ( t ) }

+N2
x(t)[G(t)](Cmn(t)} (24)

which is a function of the single unknown displacement
amplitude, Cmn. Here the terms E(f), F(t), and G(t) are the
sums of the known Eij9 Fij9 and G/, terms resulting from the
above algebraic manipulation. The definitions of these terms
are identical to those defined by Flaggs.8

The critical buckling load is determined by finding the
minimum eigenvalue from the solution of Eq. (24). Since the
eigenvalue problem contains quadratic terms, the solution
must be found by an iterative approach. This can be ac-
complished by first solving the uncoupled problem

[E(t) } { C m n ( t ) } =Nx(t) [F(t) ] { C m n ( t ) } (25)

the solution of which is used as a first approximation in the
iterative solution of the whole problem. Numerical methods
have been employed in the actual solution of the eigenvalue
problem.

Verification of the Analysis
In order to verify the analysis, a test case was studied using

[0/±45/90]5 and [0/±60]5 laminates. The material
property data set used in the determination of the viscoelastic
properties was shown previously in Table 1. The plate
dimensions are a = b = 25A cm (10.0 in.), and there is no
inplane loading in the y direction. The plate is assumed to be
at a uniform temperature of 297 K (75°F). Verification
consists of comparing the classical solution of the problem

Table 2 Comparison of results for simply supported plate buckling,
a/h = 227, N/m (lbf /in.)____________

Laminate Classical Uncoupled TSD 3-D

[0/±45/90]5 3176(18.14) 3176(18.14) 3176(18.14) 3176(18.15)

[0/±60]5_____1220(6.97) 1220(6.97) 1220(6.97) 1220(6.98)
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Fig. 4 The effect of plate thickness-to-length aspect ratio on
viscoelastic buckling response.
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The effect of load ratio on viscoelastic buckling behavior.

found previously1 to the present solutions, including the
uncoupled solution and solutions incorporating transverse
shear deformation (TSD) and combined TSD and transverse
normal deformations (3-D). The results show very close
agreement at zero time, as given in Table 2.

These test cases represent special conditions wherein the
laminate is balanced and symmetric about the midplane, and
is of a geometry which minimizes TSD and TND effects by
having the ratio inplane plate dimensions to thickness greater
than 100.

Therefore, inclusion of TSD and 3-D effects should not
significantly alter the buckling response. The excellent
agreement between the 3-D solution and the classical solution
is considered verification of the buckling analysis. Agreement
is equally good for all times greater than t = 0.

Results and Discussion
A set of parametric studies was conducted to assess

systematically the effects of laminate configuration, plate
width-to-length ratio (b/a), plate length-to-thickness aspect

ratio (a/h), and applied load ratio (Ny/Nx) on viscoelastic
buckling behavior.

A set of three laminates possessing different anisotropy
ratios was investigated using 3-D analysis for the case of a
square plate loaded in uniaxial compression (Ny=Q) with a/h
held constant at 227.0. The results in Fig. 2 show the critical
buckling load normalized by the buckling load at t = 0 vs time
for each laminate. Not only is the magnitude of the critical
buckling load a function of laminate configuration, but also
the viscoelastic behavior varies significantly. The [Q]24
laminate shows greater than twice the viscoelastic sensitivity
of the quasiisotropic laminate. The reason for this becomes
apparent when the results of the parametric study on biaxial
loading effects are discussed.

Figure 3 shows normalized critical buckling load as a
function of b/a for a [0/± 45/90]3s laminate subjected to
uniaxial compression. Over the range investigated the
isochronous curves show that critical buckling load is sensitive
to b/a in the same manner as for elastic analysis. Comparison
of the curves at ^ = 0 and 1000 h reveal that viscoelastic effects
are more severe at the lower ratios of b/a. A similar set of
results is shown in Fig. 4 for a/h. Comparison of the
isochronous buckling results revealed that the viscoelastic
effects are stronger at lower values of a/h (for thicker
laminates). In both of these cases, the viscoelastic effects are
most pronounced for geometries which are most sensitive to
transverse shear deformations.

Results from the study of load ratio effects in viscoelastic
buckling response are shown in Fig. 5. The plots show the
normalized buckling load as a function of time for values of
Ny/Nx ranging from 0.0 to 1.0. Normalized results from
classical analysis for all values of Ny/Nx superpose onto the
Ny/Nx = Q curve. The normalized 3-D analysis results indicate
a pronounced viscoelastic sensitivity which increases with
increasing Ny/Nx. This increased viscoelastic sensitivity under
conditions of biaxial stress is important, since fully con-
strained plates see biaxial stress states for all cases of
mechanical, thermal, and hygroscopic loading. The more
orthotropic the viscoelastic properties for a particular
laminate, the greater the sensitivity, hence the reason for a
[0]24 laminate exhibiting greater viscoelastic sensitivity than
a [0/± 45/90]3s laminate.

Conclusions
The viscoelastic buckling behavior of composite laminated

plates has been investigated. The results from studies have
shown that for a plate simply supported on all four bound-
aries, laminate configuration, plate geometry, and loading
conditions all impart significant effects on the viscoelastic
buckling response. The short time (<200 h) viscoelastic
response results in the most significant decrease in buckling
resistance, after which the long-term changes are very
gradual. These results were obtained using linear
viscoelasticity theory, which yields conservative results. More
accurate results could be obtained using nonlinear viscoelastic
theory, which would increase the time-dependent effects for
some properties.

Implicit in these results is the concept of the differential
viscoelastic sensitivity of laminate stiffness properties.
Matrix-controlled properties, such as transverse shear
modulus, exhibit stronger viscoelastic response than fiber-
controlled properties. For this reason, classical analysis
underestimates viscoelastic buckling behavior in cases where
transverse shear and normal responses are involved. These
observations suggest that it is important to include bending-
extensional coupling, transverse shear deformation, and
transverse normal deformation in viscoelastic buckling
analyses of laminated plates. Omission of these effects causes
misleading results which, according to the present study, can
overpredict buckling loads by greater than 50% (see Fig. 5).
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